We use uniqueness of a VOA (vertex operator algebra) extension of (V + EE 8 ) 3 to a Moonshine type VOA to give a new existence proof of a finite simple group of Monster type. The proof is relatively direct. Our methods depend on VOA representation theory and are free of many special calculations which traditionally occur in theory of the Monster.
Introduction
We define a finite group G to be of Monster type if it has an involution z whose centralizer C G (z) has the form 2 1+24 Co 1 , is 2-constrained (i.e., satisfies z = C G (O 2 (C G (z))) and z is conjugate to an element in C G (z) \ {z}. A short argument proves that such a G must be simple (e.g., see [20, 49] ). The present article gives a new and relatively direct existence proof of a group of Monster type. In fact, a group of Monster type is unique up to isomorphism [21] , so the group constructed in this article can be called "the" Monster, the group constructed in [20] . To avoid specialized finite group theory in this article, we work with a group of Monster type and refer to [21] for uniqueness. Our basic strategy is described briefly in the next paragraph. It was inspired by the article of Miyamoto [38] , which showed how to make effective use of simple current modules and extensions. Later in this introduction, we sketch these important concepts. In a sense, our existence proof is quite short. The hard group theory and case-by-case analysis of earlier proofs have essentially been eliminated. We use the abbreviation VOA for vertex operator algebra [15] . Most of this article is dedicated to explaining how existing VOA theory applies.
In [44] , Shimakura takes (V + EE 8 ) 3 and builds a candidate V for the Moonshine VOA (a short account is in Section 2.1 of the present article). His construction furnishes a large subgroup of Aut(V ). From this subgroup, we take a certain involution and analyze V + , V − , its fixed point VOA and its negated space on V , respectively. We can recognize V + as a Leech lattice type VOA. The group Aut(V + ) and its extension (by projective representations) to irreducibles of the fixed point VOA are understood. One of these irreducibles is V − . We thereby get a new subgroup of Aut(V ) which has the shape 2 1+24 Co 1 and is moreover isomorphic to the centralizer of a 2-central involution in the Monster. These two subgroups of Aut(V ) generate the larger group Aut(V ), which we then prove is a finite group of Monster type.
We refer to the overVOA of (V (2.20) as a VOA of Moonshine type, meaning a holomorphic VOA V = ⊕ ∞ n=0 V n of central charge 24, so that V 0 is 1-dimensional, V 1 = 0 and the Monster acts as a group of automorphisms with faithful action on V 2 . We mention that such a VOA is isomorphic to the standard Moonshine VOA constructed in [15] , by [8, 29] . For the purpose of this article, it is not necessary to quote such characterizations.
The theory of simple current modules originated in the papers [17] and [41] . In [9, 32] , certain simple current modules of a VOA are constructed using weight one semi-primary elements and extensions of a VOA by its simple current modules are also studied. The notion of simple current extension turns out to be a very powerful tool for constructing new VOAs from a known one [6, 27, 30, 32, 34, 38] . Let V be a VOA and let M = {M i | i ∈ I} be a finite set of irreducible modules of V with integral weights. If V ∈ M and ⊕ M ∈M M is closed under the fusion rules, it is possible that ⊕ M ∈M M carries the structure of a VOA for which V is a subVOA. In general, it is extremely difficult to determine if ⊕ M ∈M M has a VOA structure. There may be no such VOA structures, or there could be many. When the simple current property holds (2.4), there is a VOA structure on ⊕ M ∈M M extending the given action of V and the VOA structure is unique if the underlining field is algebraically closed [12, Proposition 5.3 ] (see also [13, 34] ). This "rigidity" of simple current extensions is useful in structure analysis and leads to certain transitivity results, which reduce the need for calculations.
As described in [20] , existence of the Monster implies existence of several other sporadic groups which had originally been constructed with special methods, including computer work. We hope that the present article may suggest useful viewpoints for other sporadic groups.
About existence proofs of the Monster
The first existence proof of the Monster was made in 1980, and published in [20] ; see also [19] . A group C ∼ = 2 1+24 Co 1 and a representation of degree 196883 was described. The hard part was to choose a C-invariant algebra structure, give an automorphism σ of it which did not come from C, then identify the group C, σ by proving finiteness and proving that C is an involution centralizer in it.
During the decade that followed [20] , there were analyses, improvements and alternate viewpoints by Tits [46, 47, 48, 49] and Conway [1] . In the mid80s, the theory of vertex algebras was developed. The Frenkel-LepowskyMeurman text [15] established the important construction of a Moonshine VOA and became a basic reference for VOA theory. The construction of the Monster done in [15] followed the lines of [20] , but in a broader VOA setting. The articles [2, 3] constructed a VOA and gave a physics field theory interpretation to aspects of [15, 20] .
In 2004, Miyamoto [38] , made significant use of simple current extensions to give a new construction of a Moonshine VOA and of the Monster acting as automorphisms. An existence proof of the Monster was recently announced in [26] , which uses theories of finite geometries and group amalgams.
Uniqueness was first proved in [21] . A different uniqueness proof is indicated in [26] .
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Simple current extensions
In this section, we shall recall the notion of simple current extensions and their basic properties [9, 44] . Let V be a VOA and let
Assume that the weights of V α , α ∈ D, are integral and
Next we shall recall the notion of g-conjugate modules [11, 44] .
Remark 2.6. By definition, there exists a linear isomorphism ν :
In fact, one can assume ν = id M by identifying g • M with M as vector spaces.
The following lemma can be shown easily by definition.
Lemma 2.7 (cf. [44] ). Let V be a VOA and g ∈ Aut(V ).
Then for any nonzero intertwining operator Y of type
. In particular, the fusion rules are preserved by gconjugation.
The following theorem follows easily by the fusion rules
Theorem 2.8. Let V 0 be a rational C 2 -cofinite VOA of CFT type and let V = ⊕ α∈D V α be a (D-graded) simple current extension of V 0 . Let D * be the group of all irreducible characters of D. Then for any χ ∈ D * , the linear map
Notation 2.9. By abuse of notation, we often denote the group
Notation 2.10. Let W be an irreducible V -module. We shall use [W ] to denote the isomorphism class containing W .
The next theorem gives a criterion for lifting an automorphism of V 0 to V and can be proved using the general arguments for simple current extensions [40, 42] .
Notation 2.12. Let X be a set of isomorphism types of irreducible modules of a VOA V . We denote
The next theorem follows easily from Theorem 2.11 and a proof can be found in [44] .
Then there exists an exact sequence
where η is the restriction map to V 0 and D * is identified with the group {τ χ | χ ∈ D * }.
Simple current extension of (V
In this section, we shall recall a construction of the Moonshine VOA by Shimakura [44] . First, we sketch an outline of the Shimakura construction. It is known [42] (see also [29] ) that all irreducible modules of V + EE 8 are simple current modules and the fusion group R(V
has a quadratic spaces over Z 2 . Moreover, the automorphism group Aut(V
). By the general theory of simple current extensions, one knows that holomorphic (simple current) extensions of (V
correspond to maximal totally singular subspaces of R(V
The main idea of Shimakura is to construct a maximal totally singular subspace of R(V
3 with large minimal weight and compute certain automorphism subgroups using the standard theory of quadratic spaces.
Next we shall review some basic properties of the lattice type VOA V
Notation 2.14. Let R(U) be the set of all inequivalent irreducible modules of a VOA U.
) forms a 10-dimensional quadratic space over Z 2 with respect to the fusion rules and the quadratic form 
We shall denote the corresponding bilinear form by , .
Recall that Aut(V
) as a group of isometries [23, 42] . . and we use U n to denote the tensor product of n copies of U.
The proof of the following proposition can be found in [42] .
Proposition 2.16. The group Aut(U) ∼ = O + (10, 2) acts transitively on nonzero singular elements and non-singular elements of R(U), respectively.
1. If [W ] is a non-zero singular element in R(U), then the minimal weight of the irreducible module W is 1 and dim(W 1 ) = 8.
If [W ]
is a non-singular element, then the minimal weight of W is 1/2 and dim(W1
as a direct sun of quadratic spaces. See (2.14) for notations. The quadratic form and the associated bilinear form are given by
Following the analysis of [44] , let Φ and Ψ be maximal totally singular subspaces of R(U) such that Φ ∩ Ψ = 0. Then the space
is a maximal totally singular subspace of R(U) Remark 2.22. It was also shown in [44] that the singular space S defined in (2) is the unique (up to Aut(U 3 )) maximal totally singular subspace of R(U 3 ) such that V(S) = ⊕ [W ]∈S W has trivial weight one subspace.
Theorem 2.23 ([44]
). Aut(V ) acts transitively on the set of all subVOAs of V which are isomorphic to U 3 .
Now let H be the stabilizer of Φ in Aut(U) and K the stabilizer of Ψ in
Lemma 2.24 (Proposition 2.5 of [44] ). Let S be defined as in (2) . Then the stabilizer
and Sym 3 and it has the shape 2 20 : (L 2 (5) × Sym 3 ).
As a consequence, we have Proposition 2.25 (Corollary 4.18 of [44] ). Let S be defined as in (2) . We identify S * with the subgroup {τ χ | χ ∈ S * } of Aut(V ) which was defined in (2.8). Then
Notation 2.27. Now let S 1 = {(0, a, a) | a ∈ Φ}. Then S 1 is a totally singular subspace of S, where S is defined as in (2.17) .
, where BW 16 denotes the Barnes-Wall lattice of rank 16.
Proof. Let E ∼ = E 8 be an overlattice of EE 8 . Then the lattice
has the discriminant group 2 8 and is isomorphic to BW 16 . Since there is only one orbit of maximal totally singular spaces of R(U) under Aut(U), we may assume
Then we have
as desired.
Recall from [42] that Aut(V
) ∼ = 2 16 .Ω + (10, 2).
Remark 2.29. Let S 1 , V ′ be as in (2.27). LetS = S/S 1 . Then for any coset a + S 1 ∈S, the subspace V(a + S 1 ) = ⊕ [W ]∈a+S 1 W is an irreducible V ′ -module. Moreover, the dual groupS * acts on V .
Proposition 2.30. Let S 1 , V ′ be as in (2.27). LetS = S/S 1 . Then (10, 2) ).
). Then |S| = 2 10 . Recall from [42] that both R(V
) be natural projections. Then both ρ 1 and ρ 2 are bijections and they determine an isomorphism
).
For each g ∈ Aut(V + BW 16
) ∼ = 2 16 .Ω + (10, 2), define φḡ = φḡφ −1 ∈ Ω + (10, 2), where¯: 2 16 .Ω + (10, 2) → Ω + (10, 2) is the natural map. Then the stabilizer NS ofS is given by {( φḡ , g) | g ∈ 2 16 .Ω + (10, 2)} ∼ = 2 16 .Ω + (10, 2). The theorem now follows from Theorem 2.13.
Centralizer of an involution
In this section, we shall show that the automorphism group of V = V(S) (2.21) has an involution z such that V z ∼ = V + Λ and C Aut(V ) (z) ∼ = 2 1+24 Co 1 , where Λ denotes the Leech lattice.
Notation 3.1. Let Φ, Ψ and S be defined as in Notation (2.17). Let x ∈ Φ be a non-zero element. We denote
Then z is automorphism of order 2 of V . 
Note that dim U 2 = 156 and dim(U 3 ) 2 = 156 × 3. Thus, the trace of z on B is
Notation 3.5. Let x ∈ Φ \ {0} be as in Notation (3.1). Let A be an irreducible U-module such that
. Let V and z be as in (3.2). Denotẽ
ThenṼ is also a holomorphic framed VOA of central charge 24 [30] . Note also that
Thus, we also haveṼ
The following is easy to prove.
Lemma 3.6. LetṼ be defined as in Notation (3.5). 1. dim(Ṽ 1 ) = 24.
2.Ṽ contains a subVOA isomorphic to (V EE
Proof. Let x ∈ Φ \ {0} be as in Notation (3.1). Since V 1 = 0, we have (V z ) 1 = 0 and thusṼ . Since Φ∩Ψ = 0, we have c = 0 and s = (x+a, b, a+b) for some a, b ∈ Φ. Since x + a, a and a + b are singular and s has minimal weight 1, only one coordinate is non-zero. Hence, (x, 0, 0), (0, x, 0) and (0, 0, x) are the only elements in (x, 0, 0) + S 0 which have minimal weight 1. Moreover by (2.16),
Hence, we have dimṼ 1 = 8 + 8 + 8 = 24.
Since Aut(V
) acts transitively on non-zero singular vectors (2.16)(see also [44] ), we have V
and thusṼ contains (V EE 8 ) 3 as a subVOA.
As a direct consequence, we have
2) and (3.5)).
3 is a full subVOA ofṼ ,Ṽ is a direct sum of irreducible V EE 3 8 -modules. Thus by [4] , there exists an even lattice EE
HenceṼ is isomorphic to the lattice VOA V L [32] . Note that V α+EE 3 8 , α ∈ L/(EE -modules andṼ is a direct sum of simple current modules of V EE 3 8 [4] . Therefore,Ṽ ∼ = V L also follows from the uniqueness of simple current extensions [12] .
Recall that
Thus L(2) = ∅ as rank L = 24 and dim(Ṽ 1 ) = 24. Moreover, L is unimodular sinceṼ is holomorphic [4] . Since the Leech lattice is the only even unimodular lattice with no roots,
We define an automorphism g onṼ by
Therefore, g acts as −1 oñ V 1 and thus it is conjugate to the automorphism θ, a lift of the (−1)-isometry of Λ by [6] . Hence, we have 
and C Aut(V ) (z) has the shape 2 · 2 24 Co 1 .
Proof. Let N be an irreducible V z -module. Since V is a framed VOA, by Theorem 1 of [30] , the V z -module V × V z N has a structure of an irreducible V -module or an irreducible z-twisted V -module.
Thus, every irreducible module of V z can be embedded into V or the unique irreducible z-twisted module of V . Note that V is holomorphic. Therefore, it has only one irreducible module, namely V and a unique ztwisted module, up to isomorphisms [10] .
is the unique z-twisted module [30] , where M is defined as in (3.5). Thus, V z has exactly 4 inequivalent irreducible modules, namely, , respectively. Since
as a V + Λ -module. We can furthermore say that V is isomorphic to the Frenkel-LepowskyMeurman Moonshine VOA V ♮ , by the uniqueness of simple current extensions [12, 25] or by use of [29] or [8] since V is framed. If we wish to avoid quoting these results, then after we prove (4.24), we can claim the more modest result that V has Moonshine type. .
Conformal vectors of central charge
in the VOA V z are classified in [28] . There are exactly two classes of cvcc Next we shall show that η −1 (H Λ ) is an extra-special group of order 2 25 .
Definition 3.13. For any α ∈ L(4), define
and we call them cvcc 1 2 of AA 1 -type.
Lemma 3.14. Let ω ǫ 1 (α) and ω ǫ 2 (β) be AA 1 -type cvcc 1 2 in V + Λ , where α, β ∈ Λ(4). Then,
Proof. The lemma follows easily from the formulas [15, Chapter 8] that
and the definition of ω ± (α). , e, we denote by t(e) the associated Miyamoto involution [33] .
By Lemma 3.14 and Sakuma's Theorem [39] , we know that t(ω ǫ 1 (α)) commutes with t(ω ǫ 2 (β)) unless α, β = ±1.
Thus, we have (t(ω
As a corollary, we have
Proof. First we note that Λ is generated by norm 4 vectors. Moreover, Λ/2Λ forms a non-degenerate quadratic space over Z 2 with the quadratic form q(α + 2Λ) = 1 2 α, α mod 2. Let T be the subgroup of Aut(V ) generates by AA 1 -type Miyamoto involutions. Then the restriction map η induces an group homomorphism η : T → H Λ (3.12) and we have an exact sequence
Moreover, by Lemma 3.16, we have
and thus
Then we may also consider t(ω ǫ (α)) as an automorphism of V Λ . In this case, t(ω ǫ (α)) acts trivially on the Heisenberg part M(1) and thus acts trivially on (V Λ ) 1 [28] .
Recall (3.12), (3.17) . Now letH Λ < Aut(V Λ ) be the group generated by {t(ω [28] . By the discussion above,H Λ acts trivially on (V Λ ) 1 .
Analysis of the finite group Aut(V )
In the first subsection, we prove that Aut(V ) is finite. This involves a discussion of framed VOAs over both the real and complex field. Then, in the second subsection, we use finite group theory to complete our analysis of Aut(V ).
Framed VOA over R
First, we recall some facts about framed VOA over R from [37, 38] . Notation 4.1. Let V ir R = ⊕ n∈Z RL n ⊕ Rc be the Virasoro algebra over R. For c, h ∈ R, let L(c, h) R be the irreducible highest weight module of V ir R of highest weight h and central charge c over R.
The following results can be found in [38] . , 0) R has only 3 inequivalent irreducible modules, namely, L(
) R , and
Lemma 4.3 (Lemma 2.5 of [38] ). Let W be a VOA over R and let
Proposition 4.4 (cf. (2.5) and (2.6) of [38] ). For h 1 , h 2 , h 3 ∈ {0, 1/2, 1/16}, we have
.
In particular, the fusion rules for L( n and an even binary linear code E, we define
Unlike the complex case, a simple current extension over R is no longer unique and there is more than one VOA structure on M E,R (see for example [38] ). Nevertheless, the following holds. Proposition 4.7 (Proposition 3.5 of [38] ). Let E be an even linear binary code. Then M E,R has a unique VOA structure over R such that the invariant form on M E,R is positive definite. Proposition 4.8. Let W be a framed VOA over R such that its invariant form is positive definite. Then there exists two binary codes E and D such that D < E ⊥ and
where W 0 ∼ = M E,R and for each β ∈ D, W β is an irreducible M E -module with the 1/16-word β. The 1/16-word for an irreducible M E,R -module is defined as in the complex case [36] .
Corollary 4.9. Let W be a framed VOA over R such that its invariant form is positive definite. Then W is finitely generated as a VOA.
Proof. By Proposition, 4.8, W contains a subVOA W 0 ∼ = M E,R and W is a direct sum of finitely many irreducible W 0 -modules.
It is clear that
, 0) R is generated by n cvcc 1 2 . Since W 0 ∼ = M E,R is direct sum of finite many irreducible M 0 -modules, W 0 is finitely generated. Moreover, W is a direct sum of finitely many W 0 -irreducible modules. Hence W is finitely generated. Notation 4.10. Let W be a framed VOA with a positive definite invariant form over R and T ∼ = L(
, 0) and L( and thus W has only finitely many Virasoro frames. By Proposition 4.11 (see also [6] ), the stabilizer of a Virasoro frame is a finite group. Hence Aut(W ) is finite. Proposition 4.14 (cf. [38] ). Let W be a framed VOA over R. Suppose the invariant form on W is positive definite and W 1 = 0. Then Aut(C ⊗ W ) is a finite group.
Proof. In this proof, ⊗ means ⊗ R . There is a semilinear automorphism, denoted γ, on C ⊗ R W which fixes R ⊗ W and is −1 on R √ −1 ⊗ W . By (4.9) (see also [6] ), W is a finitely generated VOA. From [7] , Aut(C ⊗ W ) is a finite dimensional algebraic group and on it, γ has finite fixed points (4.13). Its corresponding action on Der(C ⊗ W ), the complex Lie algebra of derivations, is therefore fixed point free and so acts as −1 on this complex Lie algebra. In fact, we note that the (−1)-eigenspace of γ on End(C ⊗ W ) may be identified with the real subspace
Since this real subspace contains no nontrivial complex subspaces, we conclude that Der(C ⊗ W ) = 0. It follows that the connected component of the identity Aut(C ⊗ W ) 0 is 0-dimensional, whence Aut(C ⊗ W ) is finite. Definition 4.15. A real form of a complex VOA V is a real subspace W which is closed under the VOA operations and such that a real basis for W is a complex basis for V . Given a real form W of V , a real form of a V -module M is a real subspace N which is closed under action by W and such that a real basis for N is a complex basis for M. We say that N is a real form of M with respect to the real form W of V .
Next we shall show that the VOA V constructed in (2.20) has a real form with a positive definite invariant form.
First we recall that the lattice VOA constructed in [15] can be defined over R. Let V L,R = S(Ĥ − R ) ⊗ R{L} be the real lattice VOA associated to an even positive definite lattice, where
As usual, we use x(−n) to denote x ⊗ t −n for x ∈ H and n ∈ Z + .
Then θ is an automorphism of V L,R , which is a lift of the (−1)-isometry of L [15] . We shall denote the
The following result is well-known [15, 38] . in U are contained in V + EE 8 ,R [13, 23] , U R is a real framed VOA. In fact, . Recall from [23] that Aut(U) is generated by σ-involutions associated to cvcc 1 2 and all cvcc 1 2 ∈ U are contained in U R . Therefore, g keeps U R invariant and define an automorphism on U R , also.
By Proposition 4.17, the invariant form onṼ 
as a (U R ) 3 -module. Note that W 0 ∼ = (U R ) 3 .
Proof. By (4.22), Aut(V ) is a finite group. By (3.8), C Aut(V ) (z) = C. By (2.25), C is a proper subgroup of Aut(V ).
To prove (i), we quote (4.23) or [49] . Observe that the structure of the group in (2.25) shows that 31 divides the order of Aut(V )/O 2 ′ (Aut(V ), whence the alternative (i) of (4.23) does not apply here.
For (ii), use (4.23) or [21] .
Remark 4.25. (i) So far, determinations of the group order still depend on [45] or [21] .
(ii) Our VOA construction of the Monster has an easy proof of finiteness (4.12), whereas proof of finiteness in [20] was more troublesome. A short proof of finiteness, using the theory of algebraic groups, was given in [49] .
Corollary 4.26. The VOA V (2.21), constructed by Shimakura [44] , is of Moonshine type (see the Introduction for the definition).
A Appendix: A fusion result
The following is relevant to the alternate argument for (4.23) and in fact proves more about fusion. It could be of some independent interest. Lemma A.1. The involution z is conjugate in Aut(V ) to elements of O 2 (C)\ z and to elements of C \ O 2 (C).
Proof. We see this by examination of the group in (2.25) .
Let x ∈ Φ, S 0 , S 1 and z ∈ Aut(V ) be defined as in (3.1) 
where α, β ∈ EE 8 and V 
